We demonstrate dynamic snap-through from a primary to a secondary statically inaccessible stable configuration in single crystal silicon, curved, doubly clamped micromechanical beam structures. Nanoscale motion of the fabricated bistable micromechanical devices was transduced using a high speed camera. Our experimental and theoretical results collectively show, that the transition between the two stable states was solely achieved by a tailored time dependent electrostatic actuation. Fast imaging of micromechanical motion allowed for direct visualization of dynamic trapping at the statically inaccessible state. These results further suggest that our direct dynamic actuation transcends prevalent limitations in controlling geometrically non-linear microstructures, and may have applications extending to multi-stable, topologically optimized micromechanical logic and non-volatile memory architectures.
Micro and nano electromechanical systems (MEMS and NEMS) comprising of bistable structural elements allow for two possible stable equilibrium configurations under identical external loading. These structures exhibit rich dynamical phenomena, have exquisite sensitivity near instabilities and allow for efficient control of deformed configuration using external fields. Collectively, these aspects give rise to a myriad of functional advantages in applications such as switches 1,2 , sensors 3,4 and non-volatile memories 5 . The most common and widely used bistable element is a curved beam, shown in Fig.  1(a) . The geometry of the beam is defined by its initial elevation h (defined as the distance between the centerpoint of the beam and the line connecting the clamped ends), thickness d, width b, and length L. The beam resides at a distance g 0 from an actuating electrode used to provide a distributed electrostatic load.
When actuated by a quasi-static electrostatic force, bistable beams exhibit two instabilities, namely a snapthrough instability and an electrostatic, pull-in instability. Depending on the beam geometry, the critical snapthrough voltage V S , is either lower or higher than the critical pull-in voltage V P I . Figure 1(b) shows the theoretically predicted dependence between the voltage and the beam midpoint elevation. On one hand, when V S < V P I , the beam snaps to its second stable equilibrium at the static snap-through voltage. On the other end of the spectrum, when V S > V P I , a voltage increase to V S yields a response wherein the beam completely bypasses the second stable branch, thus making this stability point inaccessible under quasi-static actuation 6 .
Suddenly applied step actuation leads to an outcome similar to that of the quasi-static case. For instance, a step actuation amplitude at the dynamic snap-through voltage V DS , transfers the beam with V S < V P I directly to the second stable branch. Prior to reaching the resulting stable state, the beam undergoes damped oscillations induced by the snap-through jump. Alternatively, the same actuation conditions coupled with V S > V P I (and provided that V DS > V P I ) yield a dynamic collapse of the beam to the electrode. However, as shown in this work, snap-through to a second, statically inaccessible stable equilibrium state is possible by applying a tailored timedependent actuating signal 6 . Hereafter, for the sake of convenience, we refer to V S < V P I for beams with a statically accessible second stable equilibrium as "bistable". Alternatively, beams distinguished by statically unreachable post-buckling stable configuration (V S > V P I ) are referred to as "dynamically bistable". 
For the case of a straight beam, the frequency provided by eq. (2) differs from the exact value by 1.8 %.
The following time-dependent actuation scenario, suitable for dynamic bistability, involves a two-step (three parameters) loading
where H is the Heaviside step function. Inset of Fig.  1 (c) illustrates the two step actuation process. At the onset, V 1 is suddenly applied and after a short time t 1 , V 1 is reduced to a value of V 2 . In order to escape the primary stable branch, the amplitude V 1 must be higher than V DS , and t 1 , should be within a certain range 6 . However, as shown in Figure 1(c) , the overall actuation response depends strongly on V 2 . Figure 1 shows that at a moderate value V 2 < V R , the beam oscillates near its initial position (line 1). For an increased V 2 , the beam snaps to the second stable state (line 2), and the highest V 2 > V P I yields a pull-in (line 3). Our calculated results in Fig. 1 (c) collectively confirm that beam trapping at the statically inaccessible branch requires V 2 values within the operational range of the second stable branch, i.e. V R < V 2 < V P I (see 6 for details).
Devices were fabricated from a single crystal silicon on insulator wafer with a highly doped silicon device layer. The beams, characterized by a nominal width of 20 µm and length of 1000 µm, were lithographically defined, and subsequently etched using deep reactive ion etching (see 8 for details regarding fabrication). Geometric parameters of the resulting beams, primarily d, g 0 and the overall initial distance of the beam midspan from the electrode (g 0 + h), were measured using an environmental scanning electron microscope (ESEM) with an error of ≈ 60 nm (one standard deviation). The estimated measurement error was based on the pixel to nm conversion factor of the ESEM image 9 . The difference between the nominal and actual measured dimensions of the beams, Table I , are due to the fabrication tolerances (e.g., see 9 ). The die was mounted on a wafer probing station operating at room temperature under ambient air conditions. The electrical signal was generated by a data acquisition card and amplified (×100) using a dual channel amplifier, giving an error of 0.1 V 10 . The in-plane (parallel to the wafer surface) motion of the beams was measured using an optical trinocular microscope in conjunction with a high speed camera. For our high speed acquisition measurements, we estimated a location error ≈ 0.227 µm. For static experiments, we used a high resolution, slower rate camera with an estimated displacement error of ≈ 90 nm. Both errors emanate from the pixel to µm ratio determined from the camera resolution and represent one standard deviation. Collected results consisted of an image sequence capturing the position of both the beam midspan and the stationary electrode (Fig. 2(c) ). Images were analyzed using image processing procedures established in our earlier work 9 . In order to determine the primary stable branch of the buckling curve and the static snap-through voltage (V S ), each beam was first subjected to quasi-static loading 9 . Our results confirmed that all of the fabricated micromechanical beams were dynamically bistable. Following the static experiments, each beam was then subjected to dynamic actuation using a signal given by Eq. (3). By varying loading parameters, we experimentally observed all three possible response scenarios shown in Fig. 1(c) .
The appropriate values of t 1 , V 1 and V 2 were found by trial and error using an initial guess based on the numerical solution of Eq. (1) 6 . Excessive loads gave rise to undesirable pull-in, wherein the beam undergoes stiction to the electrode. To recover and further use such a device, the beam was mechanically released from the electrode, thereby snapping back to its initially curved state.
Experimental quasi-static and dynamic results of the device designated as beam 1 from Tab. I, are collectively shown in Fig. 2 . Using Eq. (2), for the measured beam geometry, the corresponding calculated natural harmonic was 68560. Fig. 1(b) ) pull-in behavior, with V S ≈ 156 V. Furthermore, prior to pull-in, the superimposed white dashed line in Fig. 2(c) shows the primary stable buckling curve.
Figures 2(d)-(f) show the experimentally measured dynamic response under a load described by Eq. (3) with V 1 ≈ 220 V, t 1 ≈ 0.2 ms and V 2 ≈ 110 V. We readily observed transitions from the initial state ( Fig. 2(d) ) to the final stationary equilibrium (Fig. 2(e) ). Black marks in Fig. 2(d) and (e) optical micrographs reflect damage generated from the pull-in impact experiments and subsequent mechanical release. Using a camera, sampling at a frame rate of 9009 s −1 , dynamic buckling behavior was directly visualized (Fig. 2(f) ), clearly showing the transition from the initial to the stationary equilibrium state. This behavior is consistent with our predictions for V S > V P I (case (2) in Fig. 1(b) ). Furthermore, our dynamic analysis reveals that snap-through transition to the second equilibrium position is accompanied by fast oscillations. Our model shows that falling edge oscillations decay over a duration of ≈ 200 µs (Fig. 1(c) ). Sampling at a frame rate of 9009 s −1 , this decay takes place over a duration of less than two frames (≈ 222 µs). Since we are sampling at a rate slower than the Nyquist frequency, the full time history of the transient motion during snap-through can not be resolved. The slow (≈ 2-3 ms), non-oscillating beam deflection decrease directly following snap-through is not captured by our model response. Checking the possibility that this can be attributed to the squeeze film damping, we found, using the simplest squeeze film model 12 , that the latter yields a quality factor Q ≈ 145 in the first stable configuration, and Q ≈ 1.8 at a second stable position. This corresponds to the decay time of several tens of µs, which is much shorter than ≈ 2-3 ms decay observed in our experiments, Fig. 2(f) . We therefore attribute the deflection decay to possible discharging effects. The measured The demonstrated dynamic trapping transfers the micromechanical beam to a stable equilibrium point on the second stable branch. Our experimental results further show that the position of the stable state is strongly dependent on V 2 . Using identical conditions described previously for the second mechanical beam, a moderate adjustment of the second step to V 2 ≈ 111 V, resulted in a position of ≈ 4 µm from the electrode, Fig. 3(c) . Overall, a higher value of V 2 leads to a stability point closer to the electrode. In effect, the beam progresses further along its stable branch with increasing actuation voltage 9 . To summarize, we demonstrate snap-through of single crystal silicon beams to statically inaccessible stable equilibrium states, using a tailored two step actuation. By varying the actuating potential, we achieved control of the stability position. Furthermore, the potential V 2 required for positioning the beam at the second stable branch was lower than required for static and dynamic snap-through, allowing beam manipulation within close proximity to the electrode at moderate actuation voltages. Collectively, our experimental results are in reasonable agreement with model predictions. In contrast to static bistability (V S < V P I ), the considerable tunability range of dynamic trapping extends applicability of bistable phenomenon to broad, technologically relevant applications. For example, topologically optimized micro and nanomechanical beams could provide the required network of accessible multi-stable states for nonvolatile mechanical memory, and logic applications. Furthermore, the gap tunability feature renders these kinds of devices as beneficial in highly reliable, non-contact, capacitive or optical switching applications. The dynamic trapping phenomena, along with the approach to reach statically inaccessible stable states, is general in character and is applicable across many scientific disciplines including complex optical systems 13, 14 and opto-mehcanical 1, 15 that demonstrate bistabilty.
